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Notation

I Model: Joint distribution p(x , z)

I Latent variables z

I Observations x

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

z
<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>
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The Posterior Distribution

p(z | x) =
p(x , z)∫
p(x , z)dz

I The posterior allows us to explore the data and make predictions

I Intractable in general

I Approximate the posterior: Bayesian inference
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Variational Inference (Quick Review)

p(z | x) =
p(x , z)∫
p(x , z)dz

I Define a simple family of distributions qθ(z) with parameters θ

I Fit θ by minimizing the KL divergence to the posterior,

θ? = arg min
θ

KL
(
qθ(z) || p(z | x)

)

I Variational inference solves an optimization problem
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Variational Inference (Quick Review)

✓
<latexit sha1_base64="PDgW1eqvO3mnpg92KyoMJvlifgk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDg440m6p7Ff8GcgyCXJShhy1bumr09MsS7hCJqm17cBPMRxTg4JJPil2MstTyoa0z9uOKppwG45n107IqVN6JNbGlUIyU39PjGli7SiJXGdCcWAXvan4n9fOML4Ox0KlGXLF5oviTBLUZPo66QnDGcqRI5QZ4W4lbEANZegCKroQgsWXl0njvBJcVPz7y3L1Jo+jAMdwAmcQwBVU4Q5qUAcGj/AMr/Dmae/Fe/c+5q0rXj5zBH/gff4ApKGPKg==</latexit>

q✓(z)
<latexit sha1_base64="Lxf2EnHhvPiGJDbKnMwpKTQxTBk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyVRQY9FLx4r2A9oQ9lsN+3SzSbdnRRq6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/vJv5zTFTmkfyEScx80LSlzzglKCRvFE37eCAIZmWn867xZJTceawV4mbkRJkqHWLX51eRJOQSaSCaN12nRi9lCjkVLBpoZNoFhM6JH3WNlSSkGkvnR89tc+M0rODSJmSaM/V3xMpCbWehL7pDAkO9LI3E//z2gkGN17KZZwgk3SxKEiEjZE9S8DuccUoiokhhCpubrXpgChC0eRUMCG4yy+vksZFxb2sOA9XpeptFkceTuAUyuDCNVThHmpQBwojeIZXeLPG1ov1bn0sWnNWNnMMf2B9/gConJID</latexit>

✓?
<latexit sha1_base64="AA1joMjy6K1axAz+MQSLAY2wa54=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkATy2a7aZduNmF3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+Hoduq3n7g2IlEPOE55ENOBEpFgFK3k+zjkSB99g1T3KlW35s5AlolXkCoUaPQqX34/YVnMFTJJjel6bopBTjUKJvmk7GeGp5SN6IB3LVU05ibIZzdPyKlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XzTC6DnKh0gy5YvNFUSYJJmQaAOkLzRnKsSWUaWFvJWxINWVoYyrbELzFl5dJ67zmXdTc+8tq/aaIowTHcAJn4MEV1OEOGtAEBik8wyu8OZnz4rw7H/PWFaeYOYI/cD5/AE8Ckdo=</latexit>

p(z | x)
<latexit sha1_base64="NZehUDsmydTRLo0I91OnN358FZg=">AAAB9HicbVDLSgMxFL1TX7W+Rl26CRahbsqMCgpuim5cVrAPaIeSSTNtaCYzJpliHfsdblwo4taPceffmLaz0NYD93I4515yc/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB64jeGVCoWiTs9iqkX4p5gASNYG8mLS4/tS/SETHs47thFp+xMgRaJm5EiZKh27K92NyJJSIUmHCvVcp1YeymWmhFOx4V2omiMyQD3aMtQgUOqvHR69BgdGaWLgkiaEhpN1d8bKQ6VGoW+mQyx7qt5byL+57USHVx4KRNxoqkgs4eChCMdoUkCqMskJZqPDMFEMnMrIn0sMdEmp4IJwZ3/8iKpn5Td07Jze1asXGVx5OEADqEELpxDBW6gCjUgcA/P8Apv1tB6sd6tj9lozsp29uEPrM8fryWQuw==</latexit>

KL(q✓(z) || p(z | x))
<latexit sha1_base64="z2opiBO5LcpPFUSG45qOLQkje/Y=">AAACFnicbZDLSgMxFIYz3q23UZdugkVoF5YZFRS6KboRdKFgW6FTSiY9taGZi8kZaTv2Kdz4Km5cKOJW3Pk2prULbwcSPv7/HJLz+7EUGh3nw5qYnJqemZ2bzywsLi2v2KtrFR0likOZRzJSlz7TIEUIZRQo4TJWwAJfQtXvHA396g0oLaLwAnsx1AN2FYqW4AyN1LC3PYQuqiA9OR3krhuph21ANsj1816R3t6aK871veIQuvl8w846BWdU9C+4Y8iScZ017HevGfEkgBC5ZFrXXCfGesoUCi5hkPESDTHjHXYFNYMhC0DX09FaA7pllCZtRcqcEOlI/T6RskDrXuCbzoBhW//2huJ/Xi3B1kE9FWGcIIT866FWIilGdJgRbQoFHGXPAONKmL9S3maKcTRJZkwI7u+V/0Jlp+DuFpzzvWzpcBzHHNkgmyRHXLJPSuSYnJEy4eSOPJAn8mzdW4/Wi/X61TphjWfWyY+y3j4Bb7yeNw==</latexit>
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Variational Inference (Quick Review)

✓
<latexit sha1_base64="PDgW1eqvO3mnpg92KyoMJvlifgk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNDg440m6p7Ff8GcgyCXJShhy1bumr09MsS7hCJqm17cBPMRxTg4JJPil2MstTyoa0z9uOKppwG45n107IqVN6JNbGlUIyU39PjGli7SiJXGdCcWAXvan4n9fOML4Ox0KlGXLF5oviTBLUZPo66QnDGcqRI5QZ4W4lbEANZegCKroQgsWXl0njvBJcVPz7y3L1Jo+jAMdwAmcQwBVU4Q5qUAcGj/AMr/Dmae/Fe/c+5q0rXj5zBH/gff4ApKGPKg==</latexit>

q✓(z)
<latexit sha1_base64="Lxf2EnHhvPiGJDbKnMwpKTQxTBk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQLyVRQY9FLx4r2A9oQ9lsN+3SzSbdnRRq6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/FhwjY7zbeXW1jc2t/LbhZ3dvf2D4uFRQ0eJoqxOIxGplk80E1yyOnIUrBUrRkJfsKY/vJv5zTFTmkfyEScx80LSlzzglKCRvFE37eCAIZmWn867xZJTceawV4mbkRJkqHWLX51eRJOQSaSCaN12nRi9lCjkVLBpoZNoFhM6JH3WNlSSkGkvnR89tc+M0rODSJmSaM/V3xMpCbWehL7pDAkO9LI3E//z2gkGN17KZZwgk3SxKEiEjZE9S8DuccUoiokhhCpubrXpgChC0eRUMCG4yy+vksZFxb2sOA9XpeptFkceTuAUyuDCNVThHmpQBwojeIZXeLPG1ov1bn0sWnNWNnMMf2B9/gConJID</latexit>

✓?
<latexit sha1_base64="AA1joMjy6K1axAz+MQSLAY2wa54=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkATy2a7aZduNmF3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+Hoduq3n7g2IlEPOE55ENOBEpFgFK3k+zjkSB99g1T3KlW35s5AlolXkCoUaPQqX34/YVnMFTJJjel6bopBTjUKJvmk7GeGp5SN6IB3LVU05ibIZzdPyKlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XzTC6DnKh0gy5YvNFUSYJJmQaAOkLzRnKsSWUaWFvJWxINWVoYyrbELzFl5dJ67zmXdTc+8tq/aaIowTHcAJn4MEV1OEOGtAEBik8wyu8OZnz4rw7H/PWFaeYOYI/cD5/AE8Ckdo=</latexit>

✓init
<latexit sha1_base64="byMqddW5qcurrH42+Q7ePt6cERU=">AAAB/3icbVBNS8NAEN34WetXVPDiJVgETyVRQY9FLx4r2A9oYtlsJ+3SzQe7E7HEHPwrXjwo4tW/4c1/47bNQVsfDDzem2Fmnp8IrtC2v42FxaXlldXSWnl9Y3Nr29zZbao4lQwaLBaxbPtUgeARNJCjgHYigYa+gJY/vBr7rXuQisfRLY4S8ELaj3jAGUUtdc19FweA9C5zER5QhhmPOOZ516zYVXsCa544BamQAvWu+eX2YpaGECETVKmOYyfoZVQiZwLyspsqSCgb0j50NI1oCMrLJvfn1pFWelYQS10RWhP190RGQ6VGoa87Q4oDNeuNxf+8TorBhadfSlKEiE0XBamwMLbGYVg9LoGhGGlCmeT6VosNqKQMdWRlHYIz+/I8aZ5UndOqfXNWqV0WcZTIATkkx8Qh56RGrkmdNAgjj+SZvJI348l4Md6Nj2nrglHM7JE/MD5/AGc+lv0=</latexit>

p(z | x)
<latexit sha1_base64="NZehUDsmydTRLo0I91OnN358FZg=">AAAB9HicbVDLSgMxFL1TX7W+Rl26CRahbsqMCgpuim5cVrAPaIeSSTNtaCYzJpliHfsdblwo4taPceffmLaz0NYD93I4515yc/yYM6Ud59vKLS2vrK7l1wsbm1vbO/buXl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB64jeGVCoWiTs9iqkX4p5gASNYG8mLS4/tS/SETHs47thFp+xMgRaJm5EiZKh27K92NyJJSIUmHCvVcp1YeymWmhFOx4V2omiMyQD3aMtQgUOqvHR69BgdGaWLgkiaEhpN1d8bKQ6VGoW+mQyx7qt5byL+57USHVx4KRNxoqkgs4eChCMdoUkCqMskJZqPDMFEMnMrIn0sMdEmp4IJwZ3/8iKpn5Td07Jze1asXGVx5OEADqEELpxDBW6gCjUgcA/P8Apv1tB6sd6tj9lozsp29uEPrM8fryWQuw==</latexit>

KL(q✓(z) || p(z | x))
<latexit sha1_base64="z2opiBO5LcpPFUSG45qOLQkje/Y=">AAACFnicbZDLSgMxFIYz3q23UZdugkVoF5YZFRS6KboRdKFgW6FTSiY9taGZi8kZaTv2Kdz4Km5cKOJW3Pk2prULbwcSPv7/HJLz+7EUGh3nw5qYnJqemZ2bzywsLi2v2KtrFR0likOZRzJSlz7TIEUIZRQo4TJWwAJfQtXvHA396g0oLaLwAnsx1AN2FYqW4AyN1LC3PYQuqiA9OR3krhuph21ANsj1816R3t6aK871veIQuvl8w846BWdU9C+4Y8iScZ017HevGfEkgBC5ZFrXXCfGesoUCi5hkPESDTHjHXYFNYMhC0DX09FaA7pllCZtRcqcEOlI/T6RskDrXuCbzoBhW//2huJ/Xi3B1kE9FWGcIIT866FWIilGdJgRbQoFHGXPAONKmL9S3maKcTRJZkwI7u+V/0Jlp+DuFpzzvWzpcBzHHNkgmyRHXLJPSuSYnJEy4eSOPJAn8mzdW4/Wi/X61TphjWfWyY+y3j4Bb7yeNw==</latexit>
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Variational Inference (Quick Review)

I Minimizing the KL ≡ Maximizing the ELBO

L(θ) = Eqθ(z) [log p(x , z)− log qθ(z)]

I Variational inference finds θ to maximize L(θ)
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Mean-Field Variational Inference

I Classical VI: Mean-field variational distribution:

qθ(z) =
∏

n

qθn(zn)

I Useful, simple, and fast, but might not be accurate

z1
<latexit sha1_base64="Ob3+IEXFhF5uWyRIGKNYQ89lNRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPZo2k</latexit>

z2
<latexit sha1_base64="Fu4lKsOvcUZQwXaZucoF3UmwwIs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEQ6o2l</latexit>

Posterior
<latexit sha1_base64="lIGlxmH3Y/peheWWDMRV3MWTG+0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lU0GPRi8cKthbaUDbbSbt0kw27E2kJ+StePCji1T/izX/jts1BWx8MPN6bYWZekAiu0XW/rdLa+sbmVnm7srO7t39gH1bbWqaKQYtJIVUnoBoEj6GFHAV0EgU0CgQ8BuPbmf/4BEpzGT/gNAE/osOYh5xRNFLfrvYQJqiirCk1guJS5X275tbdOZxV4hWkRgo0+/ZXbyBZGkGMTFCtu56boJ9RhZwJyCu9VENC2ZgOoWtoTCPQfja/PXdOjTJwQqlMxejM1d8TGY20nkaB6YwojvSyNxP/87ophtd+xuMkRYjZYlGYCgelMwvCGXAFDMXUEMoUN7c6bEQVZSYGXTEheMsvr5L2ed27qLv3l7XGTRFHmRyTE3JGPHJFGuSONEmLMDIhz+SVvFm59WK9Wx+L1pJVzByRP7A+fwAcp5Ug</latexit>

Approximation
<latexit sha1_base64="L4tlj3mpbMZpvzoS6oM14t0ta5A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZFXRZdeOygn1AO5RMmmlDM0lIMtIyduGvuHGhiFt/w51/YzqdhbYeCBzOuZd7ckLJqDae9+0UlpZXVteK66WNza3tHXd3r6FFojCpY8GEaoVIE0Y5qRtqGGlJRVAcMtIMhzdTv/lAlKaC35uxJEGM+pxGFCNjpa570DFkZFScXkmpxIjGmT7pumWv4mWAi8TPSRnkqHXdr05P4CQm3GCGtG77njRBipShmJFJqZNoIhEeoj5pW8pRTHSQZvkn8NgqPRgJZR83MFN/b6Qo1noch3bS5hvoeW8q/ue1ExNdBinlMjGE49mhKGHQCDgtA/aoItiwsSUIK2qzQjxACmFjKyvZEvz5Ly+SxmnFP6t4d+fl6nVeRxEcgiNwAnxwAargFtRAHWDwCJ7BK3hznpwX5935mI0WnHxnH/yB8/kDTqCW7A==</latexit>

Posterior
<latexit sha1_base64="lIGlxmH3Y/peheWWDMRV3MWTG+0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lU0GPRi8cKthbaUDbbSbt0kw27E2kJ+StePCji1T/izX/jts1BWx8MPN6bYWZekAiu0XW/rdLa+sbmVnm7srO7t39gH1bbWqaKQYtJIVUnoBoEj6GFHAV0EgU0CgQ8BuPbmf/4BEpzGT/gNAE/osOYh5xRNFLfrvYQJqiirCk1guJS5X275tbdOZxV4hWkRgo0+/ZXbyBZGkGMTFCtu56boJ9RhZwJyCu9VENC2ZgOoWtoTCPQfja/PXdOjTJwQqlMxejM1d8TGY20nkaB6YwojvSyNxP/87ophtd+xuMkRYjZYlGYCgelMwvCGXAFDMXUEMoUN7c6bEQVZSYGXTEheMsvr5L2ed27qLv3l7XGTRFHmRyTE3JGPHJFGuSONEmLMDIhz+SVvFm59WK9Wx+L1pJVzByRP7A+fwAcp5Ug</latexit>

Approximation
<latexit sha1_base64="L4tlj3mpbMZpvzoS6oM14t0ta5A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZFXRZdeOygn1AO5RMmmlDM0lIMtIyduGvuHGhiFt/w51/YzqdhbYeCBzOuZd7ckLJqDae9+0UlpZXVteK66WNza3tHXd3r6FFojCpY8GEaoVIE0Y5qRtqGGlJRVAcMtIMhzdTv/lAlKaC35uxJEGM+pxGFCNjpa570DFkZFScXkmpxIjGmT7pumWv4mWAi8TPSRnkqHXdr05P4CQm3GCGtG77njRBipShmJFJqZNoIhEeoj5pW8pRTHSQZvkn8NgqPRgJZR83MFN/b6Qo1noch3bS5hvoeW8q/ue1ExNdBinlMjGE49mhKGHQCDgtA/aoItiwsSUIK2qzQjxACmFjKyvZEvz5Ly+SxmnFP6t4d+fl6nVeRxEcgiNwAnxwAargFtRAHWDwCJ7BK3hznpwX5935mI0WnHxnH/yB8/kDTqCW7A==</latexit>

Posterior
<latexit sha1_base64="lIGlxmH3Y/peheWWDMRV3MWTG+0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lU0GPRi8cKthbaUDbbSbt0kw27E2kJ+StePCji1T/izX/jts1BWx8MPN6bYWZekAiu0XW/rdLa+sbmVnm7srO7t39gH1bbWqaKQYtJIVUnoBoEj6GFHAV0EgU0CgQ8BuPbmf/4BEpzGT/gNAE/osOYh5xRNFLfrvYQJqiirCk1guJS5X275tbdOZxV4hWkRgo0+/ZXbyBZGkGMTFCtu56boJ9RhZwJyCu9VENC2ZgOoWtoTCPQfja/PXdOjTJwQqlMxejM1d8TGY20nkaB6YwojvSyNxP/87ophtd+xuMkRYjZYlGYCgelMwvCGXAFDMXUEMoUN7c6bEQVZSYGXTEheMsvr5L2ed27qLv3l7XGTRFHmRyTE3JGPHJFGuSONEmLMDIhz+SVvFm59WK9Wx+L1pJVzByRP7A+fwAcp5Ug</latexit>

Approximation
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Beyond the Mean-Field Family

I Structured VI [Saul+, 1996; Ghahramani+, 1997; Titsias+, 2011]

I Mixtures [Bishop+, 1998; Gershman+, 2012; Salimans+, 2013; Guo+, 2016;

Miller+, 2017]

I Sampling mechanisms [Salimans+, 2015; Hoffman, 2017; Maddison+, 2017;

Naesseth+, 2017; Li+, 2017; Titsias, 2017; Naesseth+, 2018; Le+, 2018;

Grover+, 2018; Zhang+, 2018; Habib+, 2019; Neklyudov+, 2019; Ruiz+, 2019]

I Spectral methods [Shi+, 2018]

I Linear response estimates [Giordano+, 2015; Giordano+, 2017]

I Copulas [Tran+, 2015; Han+, 2016]

I Invertible transformations [Rezende+, 2014; Kingma+, 2014; Titsias+, 2014;

Kucukelbir+, 2015] & Normalizing flows [Rezende+, 2015; Kingma+, 2016;

Papamakarios+, 2017; Tomczak+, 2016; Tomczak+, 2017; Dinh+, 2017]

I Hierarchical models [Ranganath+, 2016; Tran+, 2016; Maaløe+, 2016;

Sobolev+, 2019]

I Implicit distributions [Mescheder+, 2017; Huszár, 2017; Tran+, 2017; Shi+,

2018] & Semi-implicit distributions [Yin+, 2018; Titsias+, 2019;

Molchanov+, 2019]
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This Lecture

I Expand the variational family qθ(z)

I Use implicit distributions

I Easy to sample from, z ∼ qθ(z)

I Intractable density, qθ(z)

I Challenge: Solve the optimization problem with intractable qθ(z)

objective: L(θ) = Eqθ(z) [log p(x , z)− log qθ(z)]
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Goal: More Expressive Variational Distributions
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Part I:

Implicit Distributions and Adversarial Training

[Mescheder+, 2017; Huszár, 2017; Tran+, 2017] 12



How to Form an Expressive Implicit Distribution

I Generate random noise ε ∼ q(ε)

I Pass the noise through a NN with parameters θ

I Let z be the output of the NN

13



How to Form an Expressive Implicit Distribution

I Implicit distribution qθ(z):
I Easy to draw samples:

sample ε ∼ q(ε); set z = fθ(ε)

I Cannot evaluate the density qθ(z)

I Flexible distribution qθ(z) due to the NN

I Goal: Tune θ so that qθ(z) approximates the posterior p(z | x)

14



Why VI with Implicit Distributions is Hard

I The VI objective is the ELBO (equivalent to minimizing KL),

L(θ) = Eqθ(z)

[
log p(x , z)︸ ︷︷ ︸

model

− log qθ(z)︸ ︷︷ ︸
entropy

]

I Gradient of the objective ∇θL(θ) (reparameterization)

∇θL(θ) = Eq(ε)

[
∇θ
(

log p(x , fθ(ε))− log qθ (fθ(ε))
)]
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Why VI with Implicit Distributions is Hard

I Gradient of the objective ∇θL(θ) (reparameterization)

∇θL(θ) = Eq(ε)

[
∇θ
(

log p(x , fθ(ε))− log qθ (fθ(ε))
)]

I For the model term:

Eq(ε) [∇θ log p(x , fθ(ε))] ≈ 1

S

S∑

s=1

∇θ log p(x , fθ(ε(s))), ε(s) ∼ q(ε)
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Why VI with Implicit Distributions is Hard

I Gradient of the objective ∇θL(θ) (reparameterization)

∇θL(θ) = Eq(ε)

[
∇θ
(

log p(x , fθ(ε))− log qθ (fθ(ε))
)]

I For the entropy term:

∇θlog qθ (fθ(ε)) = ∇z log qθ(z)×∇θfθ(ε) +∇θlog qθ(z)
∣∣
z=fθ(ε)︸ ︷︷ ︸

=0 (in expectation)

I Monte Carlo estimates require ∇z log qθ(z) (not available)
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How Density Ratio Estimation Can Help

I The VI objective is the ELBO (equivalent to minimizing KL),

L(θ) = Eqθ(z)

[
log p(x , z)︸ ︷︷ ︸

model

− log qθ(z)︸ ︷︷ ︸
entropy

]

I Rewrite the ELBO as “log-likelihood minus KL to prior,”

L(θ) = Eqθ(z) [log p(x | z)]−KL (qθ(z) || p(z))

= Eqθ(z) [log p(x | z)]− Eqθ(z)

[
log

qθ(z)

p(z)

]

18



How Density Ratio Estimation Can Help

I ELBO objective:

L(θ) = Eqθ(z) [log p(x | z)]− Eqθ(z)

[
log

qθ(z)

p(z)

]

I Key idea: Approximate the density ratio log qθ(z)
p(z)

19



Density Ratio Estimation

I ELBO objective:

L(θ) = Eqθ(z) [log p(x | z)]− Eqθ(z)

[
log

qθ(z)

p(z)

]

I Imagine that we had labelled samples from qθ(z) and p(z):

- Class y = 1: The sample z comes from qθ(z)
- Class y = 0: The sample z comes from p(z)

I If you observe z , what is the class? (under equal class prior)

I Optimal classifier is D?(z) = qθ(z)
qθ(z)+p(z)

I The density ratio can be expressed as a function of the classifier:

log
qθ(z)

p(z)
= logD?(z)− log(1− D?(z))

20



Density Ratio Estimation

I The density ratio can be expressed as a function of the classifier:

log
qθ(z)

p(z)
= logD?(z)− log(1− D?(z))

I Train a (flexible) classifier D(z) that distinguishes samples:

D?(z) = max
D

Eqθ(z) [D(z)] + Ep(z) [log(1− D(z))]

I Rewrite the ELBO using D(z),

L(θ) = Eqθ(z) [log p(x | z)]− Eqθ(z) [logD(z)− log(1− D(z))]

21



Density Ratio Estimation: Optimization

I ELBO objective:

L(θ) = Eqθ(z) [log p(x | z)]− Eqθ(z) [logD(z)− log(1− D(z))]

I Algorithm:

1. Follow gradient estimates of the ELBO w.r.t. θ (reparameterization)

2. For each θ, fit a flexible classifier D(z) so that D(z) ≈ D?(z)

22



Limitations of Density Ratio Estimation

I ELBO objective:

L(θ) = Eqθ(z) [log p(x | z)]− Eqθ(z) [logD(z)− log(1− D(z))]

I Limitations:

- The discriminator D(z) needs to be trained to optimum after each
update of θ (in practice, optimization is truncated to a few iterations)

- Unstable training when discriminator does not catch up quickly
- In high dimensions, the discriminator overfits easily, giving values

close to 0 or 1

23



Alternatives

I Kernel-based density ratio estimation (KIVI) [Shi+, 2018]

I Semi-implicit distributions [Yin+, 2018; Titsias+, 2019; Molchanov+, 2019]
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Alternatives

I Kernel-based density ratio estimation (KIVI) [Shi+, 2018]

I Semi-implicit distributions [Yin+, 2018; Titsias+, 2019; Molchanov+, 2019]
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Part II:

Semi-Implicit Distributions

[Yin+, 2018; Titsias+, 2019; Molchanov+, 2019] 25



Recap: VI with Implicit Distributions

I ELBO objective:

L(θ) = Eqθ(z)

[
log p(x , z)︸ ︷︷ ︸

model

− log qθ(z)︸ ︷︷ ︸
entropy

]

I Gradient of the objective ∇θL(θ) (reparameterization)

∇θL(θ) = Eq(ε)

[
∇θ
(

log p(x , fθ(ε))− log qθ (fθ(ε))
)]

I Monte Carlo estimates require ∇z log qθ(z) (not available)
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Semi-Implicit Distributions

I ELBO objective:

L(θ) = Eqθ(z)

[
log p(x , z)︸ ︷︷ ︸

model

− log qθ(z)︸ ︷︷ ︸
entropy

]

I Goal: Tractable inference avoiding density ratio estimation

I Two methods:

- Lower-bound the ELBO (SIVI) [Yin+, 2018; Molchanov+, 2019]

- Estimate gradients with sampling (UIVI) [Titsias+, 2019]

I First step: use a semi-implicit construction of qθ(z)
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Semi-Implicit Distributions

I Implicit distribution:

I (Semi-)implicit distribution:

28



Semi-Implicit Distributions

I (Semi-)implicit distribution

I Example: The conditional qθ(z | ε) is a Gaussian,

qθ(z | ε) = N (z |µθ(ε),Σθ(ε))

29



Semi-Implicit Distributions

I (Semi-)implicit distribution

I The distribution qθ(z) is still implicit,
I Easy to sample,

sample ε ∼ q(ε),

obtain µθ(ε) and Σθ(ε)

sample z ∼ N (z |µθ(ε),Σθ(ε))

I The variational distribution qθ(z) is not tractable,

qθ(z) =

∫
q(ε)qθ(z | ε)dε
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Semi-Implicit Distributions

I (Semi-)implicit distribution

I Assumptions on the conditional qθ(z | ε):
I Reparameterizable
I Tractable gradient ∇z log qθ(z | ε)

Note: this is different from ∇z log qθ(z) (still intractable)
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Semi-Implicit Distributions

I (Semi-)implicit distribution

I The Gaussian meets both assumptions:
I Reparameterizable,

u ∼ N (u | 0, I ), z = hθ(u ; ε) = µθ(ε) + Σθ(ε)1/2u

I Tractable gradient,

∇z log qθ(z | ε) = −Σθ(ε)−1(z − µθ(ε))

32



Method 1: SIVI

I Define a lower bound of the ELBO,

L(θ) ≥ L(θ), where

L(θ)=Eε∼q(ε)

[
Ez∼qθ(z | ε)

[
Eε(1),...,ε(L)∼q(ε)

[
log p(x , z)

− log

(
1

L + 1

(
qθ(z | ε) +

L∑

`=1

qθ(z | ε(`))

))]]]

I Optimize the lower bound instead of the ELBO

I The lower bound does not depend on the intractable qθ(z)
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Method 1: SIVI

I SIVI bound:

L(θ)=Eε∼q(ε)

[
Ez∼qθ(z | ε)

[
Eε(1),...,ε(L)∼q(ε)

[
log p(x , z)

− log

(
1

L + 1

(
qθ(z | ε) +

L∑

`=1

qθ(z | ε(`))

))]]]

I Free parameter L controls the tightness of the bound

- As L→∞, L(θ)→ L(θ)
- Computational complexity increases with L

I SIVI allows for semi-implicit construction of prior in VAEs
[Molchanov+, 2019]
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Method 2: UIVI

I Recall the reparameterization gradient of the ELBO,

∇θL(θ) = Eq(ε)

[
∇θ
(

log p(x , fθ(ε))− log qθ (fθ(ε))
)]

I UIVI obtains an unbiased Monte Carlo estimator of ∇z log qθ(z)

- Avoid density ratio estimation
- Directly optimize the ELBO (instead of a bound)

I Key idea: Gradient of the entropy component as an expectation,

∇z log qθ(z) = Edistrib(·) [function(z , ·)]
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Method 2: UIVI

I Rewrite as an expectation,

∇z log qθ(z) = Eqθ(ε′ | z) [∇z log qθ(z | ε′)]

I Form Monte Carlo estimate,

∇z log qθ(z) ≈ ∇z log qθ(z | ε′), ε′ ∼ qθ(ε′ | z)
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Method 2: UIVI (Full Algorithm)

I The gradient of the ELBO is

∇θL(θ) = Eq(ε)q(u)

[
∇z (log p(x , z)− log qθ(z))

∣∣
z=hθ(u ; ε)

×∇θhθ(u ; ε)
]

I Estimate the gradient based on samples:

1. Sample ε ∼ q(ε), u ∼ q(u) (standard Gaussians)
2. Set z = hθ(ε ; u) = µθ(ε) + Σθ(ε)1/2u
3. Evaluate ∇z log p(x , z) and ∇θhθ(u ; ε)
4. Sample ε′ ∼ qθ(ε′ | z)
5. Approximate ∇z log qθ(z) ≈ ∇z log qθ(z | ε′)
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Method 2: UIVI (The Reverse Conditional)

I The distribution qθ(ε′ | z) is the reverse conditional
The conditional is qθ(z | ε)

I Sample from qθ(ε′ | z) using HMC, targeting

q(ε′ | z) ∝ q(ε′)qθ(z | ε′)

I Problem: HMC is slow. . . How to accelerate this?
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Method 2: UIVI (The Reverse Conditional)

I Recall the UIVI algorithm,

UIVI: Full Algorithm

I The gradient of the ELBO is

r✓L(✓) = Eq(")q(u)

h
rz (log p(x , z) � log q✓(z))

��
z=h✓(u ; ")

⇥r✓h✓(u ; ")
i

I Estimate the gradient based on samples:

1. Sample " ⇠ q("), u ⇠ q(u) (standard Gaussians)
2. Set z = h✓(" ; u) = µ✓(") + ⌃✓(")

1/2u
3. Evaluate rz log p(x , z) and r✓h✓(u ; ")
4. Sample "0 ⇠ q✓("

0 | z)
5. Approximate rz log q✓(z) ⇡ rz log q✓(z | "0)

21

I We have that (ε, z) ∼ qθ(ε, z) = q(ε)qθ(z | ε) = qθ(z)qθ(ε | z)

I Thus, ε is a sample from qθ(ε | z)

I To accelerate sampling ε′ ∼ q(ε′ | z), initialize HMC at ε

39



Method 2: UIVI (The Reverse Conditional)

I Sample from qθ(ε′ | z) using HMC targeting

q(ε′ | z) ∝ q(ε′)qθ(z | ε′)

I Initialize HMC at stationarity (using ε)

I A few HMC iterations to reduce correlation between ε and ε′

40



UIVI: Toy Experiments
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UIVI: Multinomial Logistic Regression Experiments

p(x , z) = p(z)
N∏

n=1

exp{x>n zyn + z0yn}∑
k exp{x>n zk + z0k}
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UIVI provides better ELBO and predictive performance than SIVI
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UIVI: VAE Experiments

I Model is pφ(x , z) =
∏

n p(zn)pφ(xn | zn)

I Amortized variational distrib. qθ(zn | xn) =
∫
q(εn)qθ(zn | εn, xn)dεn

I Goal: Find model parameters φ and variational parameters θ

average test log-likelihood
method MNIST Fashion-MNIST

Explicit (standard VAE) −98.29 −126.73
SIVI −97.77 −121.53
UIVI −94.09 −110.72

UIVI provides better predictive performance
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Part III:

MCMC-Improved Approximation

[Ruiz+, 2019] 44



Our Goal: More Expressive Variational Distributions
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Main Idea: Use MCMC

I Start from an explicit variational distribution, q
(0)
θ (z)

I Improve the distribution with t MCMC steps,

z0 ∼ q
(0)
θ (z), z ∼ Q(t)(z | z0)

(the MCMC sampler targets the posterior, p(z | x))

I Implicit variational distribution,

qθ(z) =

∫
q

(0)
θ (z0)Q(t)(z | z0)dz0
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Challenges of Using MCMC in VI

Limproved(θ) = Eqθ(z) [log p(x , z)− log qθ(z)]

I Challenge #1: The variational objective becomes intractable

I Challenge #2: The variational objective may depend weakly on θ

qθ(z)
t→∞−−−→ p(z | x)
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Alternative Divergence: VCD

I We would like an objective that avoids these challenges

I We call the objective Variational Contrastive Divergence, LVCD(θ)

I Desired properties:
I Non-negative for any θ
I Zero only if q

(0)
θ (z) = p(z | x)
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Variational Contrastive Divergence

I Key idea: The improved distribution qθ(z) decreases the KL

KL(qθ(z) || p(z | x)) ≤ KL(q
(0)
θ (z) || p(z | x))

(equality only if q
(0)
θ (z) = p(z | x))

I A first objective:

L(θ) = KL(q
(0)
θ (z) || p(z | x))−KL(qθ(z) || p(z | x))

(it is a proper divergence)
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Variational Contrastive Divergence

L(θ) = KL(q
(0)
θ (z) || p(z | x))−KL(qθ(z) || p(z | x))

I Still intractable: log qθ(z) in the second term

I Add regularizer,

LVCD(θ) = KL(q
(0)
θ (z) || p(z | x))−KL(qθ(z) || p(z | x))︸ ︷︷ ︸

≥0

+KL(qθ(z) || q(0)
θ (z))︸ ︷︷ ︸

≥0

(still a proper divergence)
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Variational Contrastive Divergence

LVCD(θ) = KL(q
(0)
θ (z) || p(z | x))−KL(qθ(z) || p(z | x)) +KL(qθ(z) || q(0)

θ (z))

I Addresses Challenge #1 (intractability):
I The intractable term log qθ(z) cancels out

I Addresses Challenge #2 (weak dependence):

I LVCD(θ)
t→∞−−−→ KL(q

(0)
θ (z) || p(z | x)) + KL(p(z | x) || q(0)

θ (z))
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Taking Gradients of the VCD

LVCD(θ) = −E
q

(0)
θ

(z)

[
log p(x , z)− log q

(0)
θ (z)

]
+ Eqθ(z)

[
log p(x , z)− log q

(0)
θ (z)

]

I The first component is the (negative) standard ELBO
I Use reparameterization or score-function gradients

I The second component is the new part,

∇θEqθ(z) [gθ(z)] = −Eqθ(z)

[
∇θ log q

(0)
θ (z)

]
+E

q
(0)
θ

(z0)

[
EQ(t)(z | z0)[gθ(z)]∇θ log q

(0)
θ (z0)

]
(can be approximated via Monte Carlo)
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Algorithm to Optimize the VCD

LVCD(θ) = −E
q

(0)
θ

(z)

[
log p(x , z)− log q

(0)
θ (z)

]
+ Eqθ(z)

[
log p(x , z)− log q

(0)
θ (z)

]

1. Sample z0 ∼ q
(0)
θ (z) (reparameterization)

2. Sample z ∼ Q(t)(z | z0) (run t MCMC steps)

3. Estimate the gradient ∇θLVCD(θ)

4. Take gradient step w.r.t. θ
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Toy Experiments
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Optimizing the VCD leads to a distribution q
(0)
θ (z) with higher variance

LVCD(θ)
t→∞−−−→ KLsym(q

(0)
θ (z) || p(z | x))
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Experiments: Latent Variable Models

I Model is pφ(x , z) =
∏

n p(zn)pφ(xn | zn)

I Amortized distribution qθ(zn | xn) =
∫
Q(t)(zn | z0)q

(0)
θ (z0 | xn)dz0

I Goal: Find model parameters φ and variational parameters θ

average test log-likelihood
method MNIST Fashion-MNIST

Explicit + KL −111.20 −127.43
Implicit + KL [Hoffman, 2017] −103.61 −121.86

VCD −101.26 −121.11
(a) Logistic matrix factorization

average test log-likelihood
method MNIST Fashion-MNIST

Explicit + KL −98.46 −124.63
Implicit + KL [Hoffman, 2017] −96.23 −117.74

VCD −95.86 −117.65
(b) VAE
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Summary
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I Use implicit distributions to form expressive variational posteriors

- Density ratio estimation
- Semi-implicit distributions (SIVI, UIVI)
- Refine the variational distribution with MCMC (VCD)

I Stable training

I Good empirical results on (deep) probabilistic models
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Proof of the Key Equation in UIVI

I Goal: Prove that

∇z log qθ(z) = Eqθ(ε | z) [∇z log qθ(z | ε)]

I Start with log-derivative identity,

∇z log qθ(z) =
1

qθ(z)
∇zqθ(z)

I Apply the definition of qθ(z) through a mixture,

∇z log qθ(z) =
1

qθ(z)

∫
∇zqθ(z | ε)q(ε)dε

I Apply the log-derivative identity on qθ(z | ε),

∇z log qθ(z) =
1

qθ(z)

∫
qθ(z | ε)q(ε)∇z log qθ(z | ε)dε.

I Apply Bayes’ theorem
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UIVI Experiments: Multinomial Logistic Regression

p(x , z) = p(z)
N∏

n=1

exp{x>n zyn + z0yn}∑
k exp{x>n zk + z0k}
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Number of HMC iterations does not significantly impact results
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Generalized VCD

I VCD

LVCD(θ) = KL(q
(0)
θ (z) || p(z | x)) +KL(qθ(z) || q(0)

θ (z))−KL(qθ(z) || p(z | x))

I α-generalized VCD (0 < α ≤ 1)

L(α)
VCD(θ) = KL(q

(0)
θ (z) || p(z | x))+α

[
KL(qθ(z) || q(0)

θ (z))−KL(qθ(z) || p(z | x))
]
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VCD Experiments: Impact of Number of MCMC Steps

MNIST Fashion-MNIST
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